The analysis of the shape evolution of growing trees requires an accurate modelling of the interaction between growth and biomechanics, including both static and adaptive responses. However, this coupling is a problematic issue since the progressive addition of a new material on an existing deformed body makes the definition of a reference configuration unclear. This article presents a new mathematical framework for rod theory that allows overcoming this difficulty in the case of slender structures that grow both in length and diameter like tree branches. A key point in surface growth problems is the strong dependency between space and time. On this basis, the virtual reference configuration was defined as the set of initial geometric properties of the cross-sections at their date of appearance. The classical balance equations of the rod theory were then reformulated with respect to this evolving reference configuration. This new continuous formulation leads to an evolution equation of the relaxed configuration that takes into account changes in material and geometrical properties of the growing rod.
a b s t r a c t
The analysis of the shape evolution of growing trees requires an accurate modelling of the interaction between growth and biomechanics, including both static and adaptive responses. However, this coupling is a problematic issue since the progressive addition of a new material on an existing deformed body makes the definition of a reference configuration unclear. This article presents a new mathematical framework for rod theory that allows overcoming this difficulty in the case of slender structures that grow both in length and diameter like tree branches. A key point in surface growth problems is the strong dependency between space and time. On this basis, the virtual reference configuration was defined as the set of initial geometric properties of the cross-sections at their date of appearance. The classical balance equations of the rod theory were then reformulated with respect to this evolving reference configuration. This new continuous formulation leads to an evolution equation of the relaxed configuration that takes into account changes in material and geometrical properties of the growing rod.
Primary (linked to growth in length) and secondary (linked to growth in diameter) tropisms, i.e. the adaptive biomechanical response of growing trees to the local environment, were also considered as a component of remodelling in tree growth, which modifies the relaxed configuration. Analytical solutions of our growth model was found in simple cases, i.e. assuming planar and small deflections and considering a linear elastic constitutive law. Corresponding motion results were compared with results provided by the classical rod theory and analysed with regards to growth strategies involved in gravitropic responses. These first qualitative results show that the proposed mathematical model was able to simulate the main processes involved in tree growth. This mathematical formalism is particularly suited to study the biomechanical response of trees subjected to quasi-static loads. This contribution also provides new insight into a more general three-dimensional theory of surface growth and raises new mathematical challenges about the analysis of this original system of partial differential equations.
Introduction
The analysis of shape evolution in growing trees is highly related to the interaction between their growth dynamics and biomechanical responses. Tree growth and development mainly aim to explore space in order to optimize light interception and nutrient acquisition. Growth of tree axes, i.e. stem and branches, results from two processes that correspond to 1 -growth in length, also called primary or apical growth; 2 -growth in cross-section area, which is called cambial or secondary growth. Growing trees are subjected to mechanical loadings such as gravity or wind forces [1] . Consequently, they have to develop growth strategies in order to find a trade-off between their mechanical stability and other physiological functions [2] . The mechanical stability of trees is controlled by material and/or structural modifications. Material adaptation is linked with wood formation and differentiation, and their resulting properties, e.g. wood density, cell wall width or microfibril angles. Wood formation [3] takes place in the cambial zone that is located at the periphery of the axes, i.e. between the xylem and the bark. Consequently, although secondary growth can results in a material variability within the structure, it does not change the material properties of the inner wood core once this wood is already mature. Secondary growth is thus assimilated to a surface growth. Structural control consists in modifying tree shape by increasing the diameter of stem and branches, changing tree topology (self-pruning and ramification) and/or reorienting existing axes (primary and secondary tropisms) [1, 4] . Secondary tropism, e.g. straightening up of tree axes or negative gravitropism, is a key process in tree stability, which originates from a differential elongation or shortening of wood fibres during their maturation phase (longitudinal maturation strains) within a given cross-section. Such a biomechanical process is repeated for each new formed cells during the whole axes life span, generating internal prestresses, called maturation stresses, which cumulate during tree growth [5, 6] .
A mathematical description of the biomechanics of trees is of considerable importance to identify and analyse the major mechanisms involved in tree growth. In biology, surface growth is classically defined as the accretion of new material points at the external or internal surface of a tissue [7] [8] [9] . The coupling between surface growth and mechanics highlights theoretical issues that exceed the traditional framework of structural mechanics due to the evolution of the domain geometry [10] . The specificity of surface growth raises at least two questions.
1. How to define a reference configuration? This question consists of two geometrical issues. First, the reference configuration is represented by a three dimensional manifold whereas the initial configuration is just a surface that is represented by a two-dimensional manifold. Thus, the usual computation of the deformation gradient between the initial configuration and the current configuration is inappropriate [11] . Second, the surface growth field over the reference configuration may possibly depend on information from the current configuration (environmental control of tree growth). 2. How to model the deposition of new unstrained material on an existing deformed surface? This question is concerned with the evolution of material and geometrical properties in the case of non-conservative mass and volume, which is of mechanical interest.
The mathematical description of surface growth kinematics for rigid bodies has been largely developed by Skalak and coworkers in [7, 9] . A traditional way to model the mechanical response of growing bodies is to use an incremental approach [12, 13] . This approach consists in adding new material layers to the surface of the last known prestressed configuration, and, subsequently, computing the new deformed configuration under load increments at the current step. As trees are slender structures, the incremental approach has been used in conjunction with rod (or beam) theory in order to simulate the mechanical response of growing stems [14] [15] [16] . The remodelling phenomenon involved by growth processes were also studied and applied to plant stems [17, 18] , but the effects of primary and secondary growth were finally considered with a similar incremental approach [19] . All these models separate growth and mechanical effects, thus avoiding the main theoretical questions mentioned above. Furthermore, the mathematical analysis of the growth problem remains impossible since these models are based on explicit discrete-time schemes of unknown continuous-time models. The purpose of this study is to provide a new mathematical framework to deal with continuous-time surface growth problems for the special Cosserat theory of rods [20] . In this framework, mechanical and growth effects are considered simultaneously. This paper is organized as follows. In Section 2, the geometry of the different configurations of a growing rod is examined and leads to the definition of a growing reference configuration as a set of initial conditions for the new material points provided by growth organs. Sections 3 and 4 set the balance equations and the constitutive relations of the growing rod. Section 5 gives supplementary hypotheses necessary to model tree growth, which mainly concern the reorientation of the apical shoot during primary growth, the increase of linear mass density due to secondary growth, the evolution of the relaxed configuration due to changes in material and geometrical properties of the rod cross-sections and the movements induced by a differential in maturation strains (DMS) of newly formed wood cells. The planar motion of a growing rod is analysed in Section 6 and leads to analytical solutions in the case of linearized equations. Solutions of the dynamic problem are compared with the classical rod theory. The model is then parametrized in order to simulate realistic growth strategies of tree branches. Concluding remarks about the contribution of this theory for future works in surface growth modelling, in particular in the context of tree biomechanics, are provided in Section 7.
The geometry of deformation
This section is devoted to the definition of different configurations needed to model the movement of a growing rod. We denote E 3 the three-dimensional euclidean space with an oriented orthonormal basis (i, j, k). First, a fixed reference configuration is described and leads to the definition of the material parametrization and the set of all admissible material points at each time. The current configuration is then given at each time by the actual position and orientation of the existing cross-sections. The relaxed configuration is defined as the rod geometry obtained when all external loads have been removed from the current configuration. This relaxed configuration is time-dependent since growth process may change material and 
gives the orientation of the cross-sections.
geometrical properties of the cross-section. Finally, the definition of the reference configuration is completed and defined as the set of initial conditions of strains in the relaxed configuration.
The reference configuration

Some remarks about the definition of a reference configuration
The definition of a reference configuration in the framework of surface growth has been considered as a problematic issue because new material points, which did not exist before, must be added at each time at the surface of the deformed body [10, 12, 13] . However, the reference configuration is just a time-independent placement of all material points in the physical space and does not necessarily correspond to an observed configuration in a given motion [21, 22] . In the context of surface growth, an important distinction has to be made between the body, which is a time-varying continuous set of material points, and the reference configuration, which gives a time-independent map of the body in the euclidean space. Finally, the major interest in the definition of a reference configuration is to identify the geometrical implications of oriented growth, i.e. primary growth path, separately from those due to mechanical effects with a static material parametrization.
Defining the reference configuration of a growing rod
Following the notations of Antman [20] , the reference configuration of a rod is defined by the three vector-valued functions:
where d • is the base curve of the rod identifying the position of the material cross-sections of the body in the euclidean space. As the reference configuration is arbitrary, the material parameter s is chosen to be the arc-length. Thus, at each time t, the elongation of the axis due to the primary growth of the rod is characterized by the increase in length of the base curve L(t). It follows from the above mentioned remark that the time varying body is identified at each time t with [0, L(t)] and that primary growth corresponds to the addition of new material points at the end of the base curve, completing the reference configuration without motion (see Fig. 1 ). The apical growth velocity is considered known, denoted by v a (t) = dL(t)/dt. The length L is assumed to be a strictly increasing function of time, then the inverse function γ (s) gives the date of appearance of a material point at arc-length s. This indicates that time and space are not independent which is a specific feature of the surface growth phenomena. The set of all admissible material points at each time is then given by (see Fig. 2 ):
This set Q is a key element to identify the initial and the boundary conditions in the formulation of the mechanical problem of surface growth. To be more precise, at each time t, we can consider the two boundary points located at the ends of the rod, i.e. at s = 0 and s = L(t), which is equivalent to the couples (0, t) ∈ Q and (L(t), t) ∈ Q. Conversely, at each arc-length s, the time t = γ (s) could be used to represent an initial condition at the appearance of the material point at arc-length s, which is equivalent to the couple (s, γ (s)) ∈ Q. In order to build the reference configuration, it remains to define r • , d (b) Characteristic cumulated length of plant growth (see [23] for an example on Maritime pine trees). 
The current configuration
As a result of the definition of the basic set Q in space-time, the motion of a rod is given at each time and each admissible arc-length by the three vector-valued functions:
where r(s, t) gives the position of cross-section s at time t in the current configuration. At each arc-length s, an orthonormal basis is defined by setting 
The components of u and v in the local basis (d i ) i=1,2,3 are denoted by:
where u 1 and u 2 are related to the bending strains, u 3 is called the torsional strain or twist, v 1 and v 2 are the shear strains and finally, v 3 > 0 is the dilatation. We consider that the rod is fixed at the origin with a specified orientation, which is equivalent to the following kinematics boundary conditions:
Then, it follows from Eqs. (4) and from the boundary conditions (6) , that the knowledge of u and v leads to the computation of d i and r, ∀(s, t) ∈ Q.
The relaxed configuration
About the definition of remodelling in tree growth
In the previous section we have defined the properties of the current configuration, giving the position of the base curve and the orientation of the cross-sections at each time. However, growth involves processes that do not necessary induce a motion in the current configuration, while they modify the relaxed configuration. According to Taber [8] the evolution of the form of biological organisms results from three main processes, i.e. growth (change in mass), remodelling (change in material properties) and morphogenesis (change in shape). However these phenomena are closely linked and their definition (as given by Taber) is not univocal. For instance, remodelling is often considered as a result of growth and includes both a change in material and geometrical properties [4] . In this paper, we define remodelling in tree growth as the set of biological processes that modify the relaxed configuration in the rod theory. We distinguish three main phenomena:
1. The cambial or secondary growth, i.e. the accretion of new material points at the surface of the xylem (new wood cells are indeed formed in the cambium that is located between the xylem and the bark). This process results in an increase in cross-section areas and second moment of inertia, and thus increases the rod stiffness. However the newly formed cells do not participate in the balance of forces applied previously to the system, i.e. preexisting stresses are not redistributed over the new rod cross-section area and the strain in the neighbours of these new material points remains zero (see [1] ). 2. The spatial variation in wood properties [3] , which is mainly due to cell differentiation, e.g. formation of reaction wood, cambium ageing, climate variations and heartwood formation. This material variation results in a change in apparent stiffness (Modulus of Elasticity) of the rod. 3. The tropisms, i.e. movements induced by external stimulus as light or gravity [24] . In the non-lignified region located at the stem/branch tip, movements are induced by a differential growth, i.e. more cells are formed on one side of the axis. In the current model, this process called primary reorientation has been considered geometrically and not as resulting from a mechanical process (see Section 5.1). Bending and twisting of the lignified parts of a tree axis are induced by a differential in maturation strains (DMS) of wood cells along the perimeter of xylem cross-sections [1] . This DMS is due to the local formation of reaction wood that has different structural and mechanical properties compared to the normal wood. Although these phenomena induce a movement of the rod in the current configuration, the stress field involved does not balance external forces and is auto-equilibrated. Consequently, this process also modifies the shape of the relaxed (in the sense of releasing the external forces) configuration, as well as the distribution of stresses and strains within the cross-sections [15] .
An important part of remodelling can be associated to an acclimative response of trees, e.g. thigmomorphogenesis when considering mechanical perturbations [25] . Remodelling effects have already been addressed in plant growth models in [17] [18] [19] , who have suggested an evolution equation for the intrinsic curvature of the rod but without details about the underlying biological processes. Moreover, it is important to notice that changes in geometry and material properties in plants are concomitant with the growth process. In particular, the evolution of mass accretion due to primary and secondary growth is missing in [17, 18] and is still described with an incremental approach in [19] .
Notations for the relaxed configuration
The relaxed configuration is defined at time t as the geometry of the rod when all external forces are removed from the current configuration. In order to account for the evolution of the material and geometrical properties of the cross-sections and for tropisms, the relaxed configuration will be denoted by (see Fig. 3 ):
The equations in (4) also applied to the relaxed configuration:
and the components of the strain measures u * and v * in the local basis (d * i ) i=1,2,3 are given by:
The reference configuration as a set of initial conditions of strains
At each time, the length of the base curve of the reference configuration increases, but it remains to define the geometrical properties of this curve. As the reference configuration is arbitrary, we choose the simplest general description for the strain vectors:
Here, u • and v • are usually called initial strain vectors [20] even though they do not originate from a mechanical deformation but describe the initial geometry of the rod. Therefore, the local basis (d 2, 3 corresponds to the Serret-Frenet frame and κ
• and τ
• are respectively the curvature and the torsion of the base curve of the reference configuration. The Eq. (4) is equivalent to the Serret-Frenet formulae and we have:
The reference configuration is growing in length in a direction that may depend on information about the position in the current configuration, thus κ
• are unknown and have to be deduced from a growth law describing the preferential orientation of the primary growth at the date of appearance of each cross-section s (see Section 5.1). This is the case in particular in biological systems when growth is modified by biotic, e.g. strains [26] , or abiotic, e.g. gravity or light, factors [4] . The geometry of the reference configuration does not represent any real motion of the rod. This geometry characterizes the relative change in the orientation of the cross-sections at their date of appearance, i.e.:
Finally, the definition of the reference configuration contains all the necessary information about the geometrical part of the growth process, including both genotypic and phenotypic (environmental dependent) components of growth, and is summarized by the quantities v a , κ • and τ
• .
Balance equations
We denote n, m and f , l respectively, the resultant contact force and couple, and the body force and body couple per unit of arc-length in the reference configuration. Considering that growth is a sufficiently slow process, the following quasi-static balance equations are considered [20] :
The components of n and m, in the local basis (d i ) i=1,2,3 are denoted:
We suppose that the rod is free at s = L(t), then the boundary conditions are given by:
Constitutive relations
We consider the constitutive relations of an extensible and shearable elastic rod. As growth may change material and geometrical properties, the constitutive relations have an explicit dependence on time:
We assume that the functionsn andm are differentiable and satisfy the monotonicity conditions (see [20] for more details)
and that ∀(s, t) ∈ Q:
This condition ensures that the resultant contact force and couple vanish in the relaxed configuration. We also suppose that the relations (16) is invertible and we have:
such that ∀(s, t) ∈ Q: u(0, 0, s, t) =v(0, 0, s, t) = 0 for the same reason as in (16) . We can notice that the boundary conditions (15) taken at t = γ (s) with the constitutive relation (17) lead to:
Hypotheses beyond tree growth
Eqs. (4), (13), (16), together with the boundary conditions (6), (15) give the classical equations of Cosserat's rod theory. In the case of tree growth, we have to establish the geometry of the reference configuration that results from primary growth, as well as the evolution of the relaxed configuration. This evolution is affected by the secondary growth involving changes in material and geometrical properties. Consequently, some relations have to be specified, in order to obtain a well-posed problem and to solve (11) and (8).
Primary growth
The primary growth gives the geometry of the base curve r
• and the initial strains defining the orientation (d
the cross-sections of the rod. However, the orientation of the apex may depend on information resulting from the current configuration, e.g. in the case of phototropism or negative gravitropism where the stem movement is oriented with respect to the direction of light and gravity respectively. More generally, curvature κ
• and torsion τ
• can be driven according to growth strategies and thus be a function of both date, current geometry, current mechanical state, etc. From Eqs. (11) and (10), it follows that relations on the curvature and the torsion are needed, e.g.:
These functions must be continuous to ensure the existence and uniqueness of a solution to the system (11) with the boundary condition (6). In the most simple case, if no direction is favoured for the apical growth 
Taking the scalar product of the previous relation with d i (s, γ (s)) for i = 1, 2, 3 we obtain the following system:
for which the solutions for κ • , dκ • ds and τ
• are given by:
where κ max = 2/δ corresponds to the maximum curvature induced by primary growth and sgn is the sign-function. These relations ensure that the initial strain is defined such that for all arc-length s, d 3 (s, γ (s)) is getting closer to the preferential direction d P .
Secondary growth
Increase of mass
The secondary growth involves the evolution of the geometry of the cross-sections and an increase in mass. Regarding the evolution of the geometry, we assume for simplicity that the cross-sections are circular with a radius r solution of the problem:
∂ t r(s, t) = v r (s, t) r(s, γ (s)) = r 0 (s) (23) where v r is the radial growth velocity and r 0 > 0 corresponds to the radius of the primary meristem, i.e. pith radius in the case of plants. The area of the cross-sections for every (s, t) ∈ Q is given by:
Assuming a constant mass density in the reference configuration, the linear massρ is defined for (s, t) ∈ Q by:
An equation for the evolution of the geometrical and material properties of the cross-sections
We now address the question of the evolution of the relaxed configuration. This configuration accounts for changes in geometry and material properties of the cross-sections. These changes do not cause any movement in the current configuration, since the preexisting material points of the cross-sections already balance the external body force and couple. Therefore, to derive a supplementary equation accounting for the effects of remodelling, we assume that in a short lapse of time t, the growth process generates changes in material or geometrical properties of the cross-sections without an increase in mass. This means that during this short lapse of time, the relaxed configuration is changing whereas the current configuration remains static. Using Eq. (17) at times t and t + t, we obtain from the previous assumption, that: 
By regrouping the terms in the same side, dividing by t and considering t → 0, we find ∀(s, t) ∈ Q:
These equations ensure that without modification of the contact force and couple, the current configuration is not moving whereas the relaxed configuration may evolve with respect to changes in geometrical or material properties of the crosssections. According to the definition of the reference configuration (18), we consider the following initial conditions for these evolution equations:
These initial conditions express that new material cross-sections are free of deformation at their date of appearance. Eqs. (27) call important remarks. First, these equations point out that the evolution of the relaxed configuration is driven by the history of the contact force and couple and by the evolution of the material and geometrical properties of the crosssections. It is thus important to notice that there is no stationary solution, since the equations vanish if ∂ tû = ∂ tv = 0.
In this case, it results from Eqs. (28) that the reference and the relaxed configuration coincide (i.e. there is no changes in material and geometrical properties for all cross-sections). Therefore, there is no obvious limit values for u * and v * as time is increasing. This result is in contradiction with previous growth models which assumed that u * → u and v * → v when time increases (see [18, 19] for instance). This difference is explained by the fact that the cited works do not model simultaneously the effects of the remodelling and the increase of mass due to the growth process.
Modelling secondary tropisms
The Eqs. (27) model the evolution of the relaxed configuration due to changes in geometrical and material properties of the cross-sections. However, equations of motion should also take into consideration tropisms, which correspond to an active biomechanical response of tree growth to its environment. In order to account for movements induced by DMS, an additional term is introduced in Eq. (27):
where p and q are strain rates related to the DMS effect and depend on v r . The derivation of Eq. (27) highlights that the additional terms p and q in (29) will cause a movement of the current configuration.
Planar motion of a growing branch
This section is devoted to the theoretical study of the planar motion of a growing branch. First, simple assumptions are made about the constitutive relations and the kinetics of primary and secondary growth, leading to a reduced system of partial differential equations. Then, we assume that the rod deflection is sufficiently small so that the system allows the calculation of exact solutions. Finally, the exact solutions of the current framework are compared with the classical rod theory and are analysed with respect to growth strategies involved in the gravitropic response.
Planar motion of an inextensible and unshearable growing rod
We consider the motion in the plane (i, j) of an inextensible and unshearable rod which starts to grow in direction a 0 = cos(θ 0 )i + sin(θ 0 )j. These assumptions lead to the following simplifications of the strain vectors:
In this case, the material parameter s corresponds to the arc-length in all configurations, and the cross-sections are always orthogonal to the base curve. We also simplify the notations for the directors by setting a = d 3 , b = d 1 and k = d 2 . We denote θ the angle between i and a (see Fig. 4 ), thus we have ∂ s θ = κ. We denote, f = f x i + f y j, n = n x i + n y j, m = m 2 , p = p 2 , and we consider a linear elastic constitutive relation:
where E is a constant Young's modulus, and I(s, t) = πr 4 (s, t)/4 is the geometrical moment of inertia of the cross-section at s and at time t. Then, Eqs. (13), (17), (29) are reduced to:
The initial-boundary conditions from (15), (28), (6) reduce to:
(34)
Hypotheses beyond tree growth
For simplicity reasons, we assume that the apical growth velocity v a and the radial growth velocity v r are constant, we obtain the following functions:
We consider that the growing rod is only subjected to its self-weight, hence we have f = −ρgπ r 2 j and:
Assuming that the orientation of the stem is driven by a preferential growth angle θ P , primary reorientation is described by (22):
and
The curvature variation induced by DMS is formulated as in [6] . We also assume that DMS intensity and direction depend on the local deviation between the current orientation of the cross-section and the preferential orientation as in [14] . The change of curvature rate of the rod due to DMS is given by:
where α is the maximum DMS between normal and reaction wood. Thus p(s, t) gives the change of curvature per unit time that results from the formation and maturation of reaction wood cells per unit time at the periphery of the cross-section located at the arc length s and at time t. The analytical expressions of p(s, t) integrates the mechanical effect of the location and maturation strains of reaction wood and can be given by any mechanosensing model that makes the link between the actual mechanical state, the biological reaction to this mechanical stimulus (e.g. location and density of reaction wood, intensity of maturation strains) and the resulting auto-equilibrated stress field (see for instance [27, 28] ).
Calculation of the exact solution in the case of small deflection
In order to calculate analytical solutions of the previous system, we suppose that the rod deflection is small (θ ≈ θ 0 ).
The approximation of the zeroth order of (33) gives:
If θ P = π /2 and θ 0 = 0, then the previous approximation is of first order. The approximation of the zeroth order of the initial-boundary conditions (34) is given by:
Finally, the integration of the approximated system (40) gives the following solutions:
We denote r = r x i + r y j, then:
Analysis of the exact solutions
Comparison with the classical rod theory
We now compare the solutions obtained for a straight rod (κ 
In the absence of secondary growth (v r = 0) the classical solutions are given by: 
By setting α = 0 and κ max = 0 (see Table 1 for the value of the other parameters), the current configuration obtained with our theoretical framework (r) is compared with the rod shape provided by the classical rod theory (r) at t = 6 years (see Fig. 5 ). The rod deflection when secondary growth is neglected (r) is also provided. From these results, it appears that the classical rod theory tends to underestimate the rod deflection comparing to the deflection obtained with the surface growth framework. This result is in accordance with previous published works (see [16] for instance) and is explained by remodelling phenomena, i.e. unstrained material points are formed on successive deformed configurations. The classical rod theory gives an upper bound of the solution obtained from the present growth model. The deflection of the rod without secondary growth is obviously much higher due to smaller cross-sections and gives a lower bound of the solution obtained in the present mathematical framework.
Comparison of growth strategies involved in negative gravitropic response
As trees are subjected to their self-weight, they have to induce a negative gravitropic response to maintain their verticality [1] . The control of the reorientation involves two mechanisms: 1 -a differential growth of shoot apical meristem and 2 -the formation of reaction wood that induces DMS during the secondary growth [4] . The straightening up of branches is the result of a complex combination of these two processes at different time scales [29, 30] . Considering relations (37) and (39), the effects of primary and secondary tropism are analysed in the case of gravitropic response using the exact solutions calculated at 6.1.2. We set θ 0 = 0 and θ P = π /2 (see Table 1 ), and we compare the kinetics of the growing branch for each of the two mechanisms (see Fig. 6 ) with different values of radial growth velocity v r . Simulated shapes in Fig. 6(a) and (c) are obtained only considering DMS (α ̸ = 0, κ max = 0) whereas shapes in Fig. 6(b) and (d) result from a primary reorientation of the shoot tip that does not involve DMS (α = 0, κ max ̸ = 0). Fig. 6 (e) presents the kinetics of a growing rod without reorientation process, like branches of a weeping willow. The simulated growing branches in Fig. 6(a) and (b) are characterized by a straightened shape due to a moderate secondary growth which increases the rod stiffness. However, a close comparison between the evolution of these two configurations reveals that r a straights up at each time whereas r b bends slowly downward. Thus, it appears that the formation of reaction wood is a necessary process to straight up a branch vertically. Such simulated shapes correspond to orthotropic branches found in several tree architectural models, e.g. Rauh's model (see [31] ). Branch shapes obtained in Fig. 6 (c) and (d) are more horizontal and result from a lower secondary growth. The formation of reaction wood in r c or the primary reorientation of r d are sufficient here to compensate for the self-weight increase (see [32] ). Such plagiotropic branches are found for instance in trees belonging to Massart's model [31] and provide efficient light interception. The examples above highlight different tree growth strategies that could be achieved with the two mechanisms involved in the gravitropic response and that depend on the radial growth velocity. The analysis of the effects of primary and secondary tropisms on branch shape is completed by comparing the evolution of the curvatures in each current configuration (see Fig. 7 ). Fig. 7 (a) and (b) do not exhibit negative curvatures. However, at a fixed arc-length, we observe that the curvature is increasing in time in the case of reaction wood formation whereas it decreases in the case of primary tropism. Nevertheless, the mechanical responses of growing branches are very different since the maximum of curvature is found at the basal part of the axis (where the diameter is larger) in the case of secondary tropism, while it is located at the apex in the case of primary tropism, for all simulation times. This observation is less contrasted when looking at Fig. 7(c) and (d) , where the simulations took into consideration a lower secondary growth. In the case of secondary tropism, it appears that the curvature is always decreasing with time, except at a certain distance of the axis tip, where a maximum is reached. The maximum value of curvatures in Fig. 7 When tropisms are not considered (see Fig. 7 (e)) the successive configurations exhibit a negative curvature that decreases with time.
Finally, the respective effects of primary and secondary negative gravitropism with a fixed radial growth velocity are given in Fig. 8(a) and (b) . We can see in Fig. 8(a) that primary and secondary tropisms are complementary involved in the straightening up process. As mentioned above, the reorientation of the shoot tip increases the curvature at the end of the branch, whereas the formation of reaction wood increases the curvature at its base. Moreover the evolution of the curvature is not monotonic, with a maximum value observed close to the branch tip (see Fig. 8(b) ). The results above show that the mathematical model, developed in a suitable mathematical framework, is able to reproduce the main developmental and adaptive processes involved in tree growth. 
Conclusion
In this paper, a mathematical framework has been developed in order to model surface growth processes, extending the classical rod theory to growing structures. One of the major difficulties encountered was the definition of a growing reference configuration representing the primary growth path. This information takes into account the genotypic aspects of tree growth, as well as the apical reorientations induced in response to the local environment. This last component, which defines part of the shape of the reference configuration, takes into account information provided in the current configuration. The identification of the specific basic set in space-time was also a key element to deal with a base curve extending in time. The changing in the material and geometrical properties of the rod due to secondary growth (remodelling), was considered through a dynamic equation modelling the evolution of the relaxed configuration. In the case of woody plants, the effects of DMS, resulting from the formation of reaction wood, have been modelled with a modification of the evolution equation in the relaxed configuration. This work is particularly suited to model the interactions between growth and biomechanics in tree shape analysis. Furthermore, this contribution is currently the only one that allows the calculation of exact solutions in simple cases. Numerical schemes, based on the discretization of system (33) with initial-boundary conditions as given by (34), will be developed in a next stage. Numerical simulations will allow going further in the analysis of more complex 3-dimensional cases, with a particular focus on the feedback between the current configuration and the reference configuration. A new mathematical challenge would be also to show the existence and uniqueness of a solution, arising from the original initial-boundary problem (33) and (34).
Orthonormal basis giving the orientation of the cross-sections in the current configuration. 
